A lower bound for the size of a maximal partial spread of H(2n + 1, q 2 ) is given. For H(2n + 1, q 2 ) in general, and for H(5, q 2 ) in particular, new upper bounds for this size are also obtained. In [1], maximal partial spreads of H(3, q 2 ) and H(5, q 2 ) have been constructed from spreads of W 3 (q) and W 5 (q) respectively; the construction for H(5, q 2 ) will be generalized to H(4n + 1, q 2 ), n ≥ 1, thus yielding examples of maximal partial spreads of H(4n + 1, q 2 ) for all n ≥ 1.
Introduction
In the projective space PG(r, q 2 ), a hermitian variety consists of all totally isotropic subspaces of a non-degenerate hermitian polarity, and it is denoted by H(r, q 2 ). For extensive information on the properties of hermitian varieties, [3] is an excellent source. Here we will focus on odd values of r, so r = 2n + 1, and study maximal partial spreads of H(2n + 1, q 2 ).
A partial spread of H(2n + 1, q 2 ) is a set of pairwise disjoint generators, that is, totally isotropic subspaces of H(2n + 1, q 2 ) of maximal dimension n. A partial spread S of H(2n + 1, q 2 ) is maximal if it is not contained in a larger partial spread, so this occurs if and only if every generator of H(2n + 1, q 2 ) has a non-empty intersection with at least one element of S.
A partial spread that partitions the points of H(2n + 1, q 2 ) is called a spread, but it is known that H(2n + 1, q 2 ) does not admit spreads, see Thas [7] . Therefore, the emphasis lies on studying maximal partial spreads of H(2n + 1, q 2 ).
On lower bounds
For the hermitian variety H(3, q 2 ), a lower bound on the size of a maximal partial spread is known: in [2] , Ebert and Hirschfeld show that it has at least 2q + 1 elements if q < 4 and at least 2q + 2 elements for all q ≥ 4. To the knowledge of the author, no result is known concerning lower bounds on the size of a maximal partial spread of H(2n + 1, q 2 ) for general n > 1. In the sequel, a possible way to show the intuitive lower bound of q + 1 will be demonstrated, by starting from a weaker condition on S than being a maximal partial spread of H(2n + 1, q 2 ). Theorem 2.1 Let S be a set of generators of H(2n + 1, q 2 ), such that each generator of H(2n + 1, q 2 ) meets at least one element of S nontrivially. Then |S| ≥ q + 1.
Proof.
If each point of H(2n + 1, q 2 ) is contained in an element of S, then clearly
If there exists a point p of H(2n + 1, q 2 ) that does not belong to any member of S, we will proceed by induction on n. By a simple counting argument, the theorem is fulfilled for n = 1. So assume that the result is true for
is the unique generator of H(2n + 1, q 2 ) that passes through p and meets X ∈ S in an (n − 1)-dimensional subspace. In the residue H(2n − 1, q 2 ) of p, the set π(S) := {π(X)/p | X ∈ S} meets each generator of H(2n−1, q 2 ) nontrivially. Indeed, if X ∈ S and Y is a generator of
and in the residue of p, π(X )/p and Y /p meet nontrivially. By the induction hypothesis we have |π(S)| ≥ q + 1. As |S| ≥ |π(S)|, the result follows. 2
If the elements of S need not be pairwise disjoint, this bound is sharp: the set of q + 1 generators of H(2n +1, q 2 ) that pass through a given totally isotropic subspace of dimension n − 1, meets all generators of H(2n + 1, q 2 ) nontrivially. If we ask in addition that the elements of S must be pairwise disjoint, we obtain a lower bound for maximal partial spreads. Theorem 2.2 If S is a maximal partial spread of H(2n+1, q 2 ), then |S| ≥ q+1.
On upper bounds
A general upper bound on the number of elements of a partial spread of H(2n + 1, q 2 ) is not known. Concerning upper bounds on the number of elements of a partial spread S of H(5, q 2 ), it has been shown in [6] that |S| ≤ q 2 (q 2 + q − 1). It is the aim to improve upon this upper bound, and we will start with a general theorem on partial spreads of H(2n + 1, q 2 ). Theorem 3.1 Let S be a partial spread of H(2n + 1, q 2 ), and define
Then |S| ≤ q k 2 + 1 − ε(n, q), where
n odd.
Proof. Let A ∈ S and let B ⊂ A be a subspace of dimension n−k. For every X ∈ S A := S \ {A}, let π(X) be the unique geverator of H(2n + 1, q 2 ) containing B and
For n odd this implies that h ≥ 2, while n even leads to h ≥ 1. In both cases dim(π(X) ∩ π(Y )) = n − h ≤ n − 1, so that π is injective on S A , and
As the elements of S A are disjoint from A, the elements of π(S A ) meet A exactly in B. If considered in the residue H(2k−1, q 2 ) of B, π(X)/B is disjoint from A/B, for each X ∈ S A . Hence |π(S A )| ≤ q k 2 , which is well known to be the number of generators of H(2k−1, q 2 ) that are disjoint from a given generator. It follows that
For a fixed A ∈ S A , the generators X on B that meet π(A ) in a subspace of dimension n − 1 cannot be members of π(S A ), which leads to the improved upper bound. 2 By applying the above theorem if n = 2, w already obtain that |S| ≤ q 4 + 1 for a (maximal) partial spread of H(5, q 2 ). This bound can be pushed down to q 4 , by the following theorem.
Proof. Since every partial spread of H(5, q 2 ) can be completed to a maximal one, we may assume S to be maximal. Then every plane of H(5, q 2 ) has a non-empty intersection with at least one element of S. In particular, there exist planes that meet exactly one element of S in a line and, possibly, planes that meet no element of S in a line but some elements of S in a point. Let π be an arbitrary element of S and p a point of π. We now count the number of planes of H(5, q 2 ) on p, not in S, which meet no element of S in a line. Since there are (q+1)(q 3 +1) planes of H(5, q 2 ) on p, (q 2 + 1)q of which meet π in a line while |S| − 1 of them intersect some element of S \ {π} in a line, there exist
such planes. As this number cannot be negative, one obtains the upper bound from Theorem 3.1: |S| ≤ q 4 + 1.
If |S| = q 4 + 1, then (1) equals zero and since π ∈ S and the point p were chosen arbitrarily, it follows that all planes of H(5, q 2 ) either belong to S or meet an element of S in a line. The number of planes of H(5, q 2 ) that intersect some element of S in a line equals |S| · (q 4 + q 2 + 1)q, so that
must be the total number of generators of H(5, q 2 ). This is a contradiction, because the total number of generators is given by (q + 1)(q 3 + 1)(q 5 + 1) > (q 4 + 1)(q 5 + q 3 + q + 1). It follows that |S| ≤ q 4 . 2
So far, there are no examples known of maximal partial spreads of H(5, q 2 ) of sizes close to the upper bound from Theorem 3.2, nor of sizes close to the theoretical lower bound of q + 1. In the next section, we will describe the only known example of a maximal partial spread of H(5, q 2 ), which has size q 3 +1, and show that it generalizes to examples of maximal partial spreads of H(4n + 1, q 2 ) for all n ≥ 1.
4 A maximal partial spread of H(4n + 1, q 2 ), n ≥ 1
Before we can describe the only known example of a maximal partial spread of H(5, q 2 ), which can be found in [1] , we need to recall some facts concerning commuting polarities of PG(2n + 1, q 2 ). Let H(2n + 1, q 2 ) be a hermitian variety of PG(2n + 1, q 2 ) with associated polarity τ . Consider a symplectic polarity σ of PG(2n + 1, q 2 ) which commutes with τ and set ν := στ = τ σ. From the work of B. Segre, see [4, pp. 128 -132] it is known that ν is an involutory collineation of PG(2n + 1, q 2 ) fixing
points on H(2n + 1, q 2 ), but fixing no point off H(2n + 1, q 2 ). The structure of all subspaces fixed by ν, both those which are totally isotropic for τ and those which are not, is isomorphic to a Baer subspace PG(2n + 1, q) := Σ 0 of PG(2n + 1, q 2 ) := Σ. The symplectic polarity σ induces a symplectic polar space W 2n+1 (q) in Σ 0 , all points of which lie on H(2n + 1, q 2 ) and such that all generators of W 2n+1 (q) extend to generators of H(2n + 1, q 2 ). In particular, all points of H(2n + 1, q 2 ) not belonging to Σ 0 lie on a unique extended totally isotropic line of W 2n+1 (q), for the following reason. If two extended lines of Σ 0 meet in a point, then this common point must be a point of Σ 0 . Hence the points of H(2n + 1, q 2 ) \ Σ 0 lie on at most one extended totally isotropic line of W 2n+1 (q). Now W 2n+1 (q) has
totally isotropic lines, each of them containing q 2 − q points of Σ \ Σ 0 . By adding the points of W 2n+1 (q), one obtains
points, which is exactly the total number of points of H(2n + 1, q 2 ). One concludes that indeed all points of H(2n + 1, q 2 ) not belonging to Σ 0 lie on a unique extended totally isotropic line of W 2n+1 (q).
In [1] , commuting polarities of PG(5, q 2 ) are exploited in order to construct a maximal partial spread of H(5, q 2 ) of size q 3 + 1, as follows. If S is a spread of W 5 (q), then the extensions to PG(5, q 2 ) of the elements of S form a set of pairwise disjoint generators of H(5, q 2 ) and it is shown in [1] that the extended elements of S in fact form a maximal partial spread of H(5, q 2 ).
In the sequel, we will show that this construction of a maximal partial spread of H(5, q 2 ) can be generalized to H(4n + 1, q 2 ) for all n ≥ 1. The proof that will be given uses induction on n and also provides an alternative proof for the case H(5, q 2 ).
In the proof of the following lemma, projections will be of major importance. Therefore, we draw the attention to the following well-known situation. Let PG(2, q 2 ) be a projective plane containing a Baer subplane PG(2, q). Consider a point p of PG(2, q 2 ) \ PG(2, q) and a line L of PG(2, q 2 ) not through p. As p lies on a unique (extended) line of PG(2, q), the line L contains a unique point p that is the projection from p of q + 1 points of PG(2, q). The q 2 other lines of PG(2, q 2 ) through p contain a unique point of PG(2, q), so that the q 2 points of L \ {p } are the projections from p onto L of exactly one point of PG(2, q). In particular, all q 2 + 1 points of L are reached by the projection of PG(2, q) from p onto L.
With the same notation as in the beginning of this section, we can now prove the following result.
Lemma 4.1 Every generator of H(4n + 1, q 2 ) has at least one point in common with Σ 0 .
Proof. The proof will proceed by induction. For n = 0, it follows from [4] that the point sets of H(1, q 2 ) and W 1 (q) coincide. As the generators of H(1, q 2 ) are exactly its points, the claim is thus trivially fulfilled. So assume that n ≥ 1 and that the claim holds for H(4n − 3, q 2 ).
Let p be an arbitrary point of H(4n + 1, q 2 ), not belonging to Σ 0 . We will show that every generator of H(4n + 1, q 2 ) through p has at least one point in common with Σ 0 . By construction, p is a point of some extended generator of W 4n+1 (q), so that p lies on a unique extended totally isotropic line L of W 4n+1 (q). Now p τ is a 4n-dimensional subspace of Σ and so is its conjugate p τ with respect to GF(q 2 ). As p is a point of Σ \ Σ 0 by assumption and p τ = p τ , it holds that p τ = p τ ; as a consequence p τ ∩ p τ is (4n − 1)-dimensional, which implies that p τ ∩ Σ 0 is a PG (4n − 1, q) . The extended totally isotropic line L of W 4n+1 (q) on which p is known to lie must be a line of p τ ∩ Σ 0 , and hence σ must induce a cone LW 4n−3 (q) in p τ ∩ Σ 0 . Now let g be an arbitrary generator of H(4n + 1, q 2 ) through p. If g contains L, then it has a non-empty intersection with Σ 0 since L is an extended line of W 4n+1 (q). Hence we assume that g does not contain L. The generator g of H(4n + 1, q 2 ) has a point in common with Σ 0 if and only if it meets LW 4n−3 (q) non-trivially. Consider a point r of Σ 0 on L and a (4n − 1)-dimensional subspace PG(4n−1, q 2 ) of p τ containing neither p nor r and such that PG(4n−1, q 2 )∩Σ 0 is a subspace PG(4n−2, q) of Σ 0 . Then PG(4n−1, q 2 )∩H(4n+1, q 2 ) is a hermitian variety H(4n − 1, q 2 ) and σ induces a cone rW 4n−3 (q) in PG(4n − 2, q). Let g be the projection of g from p onto H(4n − 1, q 2 ). Then g meets Σ 0 non-trivially if and only if g contains at least one point of the projection of LW 4n−3 (q) from p onto H(4n − 1, q 2 ). By the remark concerning projections preceding this lemma, this projection consists of all points on the extended totally isotropic lines through r of rW 4n−3 (q). As g is a generator of H(4n − 1, q 2 ) not through r, it meets the extension of PG(4n − 2, q) in a (2n − 2)-dimensional totally isotropic subspace h of rH(4n − 3, q 2 ) = r τ ∩ H(4n − 1, q 2 ). Let π be a hyperplane of r τ ∩ PG(4n − 1, q 2 ) not through r but containing h, then π ∩ H(4n + 1, q 2 ) is a hermitian variety H(4n − 3, q 2 ). Moreover, the extended totally isotropic lines through r of rW 4n−3 (q) meet π in the point set of a W 4n−3 (q) and H(4n − 3, q 2 ) can be obtained by extending the generators of W 4n−3 (q). By the induction hypothesis, all generators of H(4n − 3, q 2 ) contain at least one point of W 4n−3 (q), and it follows that this also applies to h. But as h ⊆ g , this implies that g contains at least one point of the projection of LW 4n−3 (q) from p onto H(4n − 1, q 2 ) and consequently g meets Σ 0 non-trivially. Since this holds for all generators through p and p was chosen arbitrarily, the lemma follows.
2
This lemma easily implies the following result.
Theorem 4.2 Let S be a spread of a symplectic polar space W 4n+1 (q) and let H(4n + 1, q 2 ) be the hermitian variety obtained by extending the generators of W 4n+1 (q). Then the extended elements of S form a maximal partial spread of H(4n + 1, q 2 ) of size q 2n+1 + 1.
Proof.
Since S is a spread of W 4n+1 (q), the extended elements of S are pairwise disjoint. By Lemma 4.1, every generator of H(4n + 1, q 2 ) meets at least one extended element of S non-trivially, which proves the theorem. 2
For n ≥ 1, there is only one example of a spread of W 4n+1 (q) known, see for instance [5] . This spread is a symplectic 2n-spread of the projective space PG(4n + 1, q) which is regular. By Theorem 4.2, it is now known that the extensions of the elements of this spread form a maximal partial spread of H(4n+ 1, q 2 ).
Remark By using commuting polarities, one sees that a spread S of W 4n+3 (q) also yields a partial spread of H(4n + 3, q 2 ), but it is not immediately clear whether this partial spread is maximal or not. The equivalent of Lemma 4.1 is not valid in this case. By a similar induction argument as was used in the proof of Lemma 4.1, one can show that the number of generators of H(4n + 3, q 2 ), disjoint from Σ 0 , equals n j=0 q 4j+2 (q 4j+2 − 1).
In this case it is hence necessary to show that the points of the extensions of the elements of S block all generators of H(4n + 3, q 2 ).
